Abstract. In this note we prove a recent conjecture of Hasson [11]: we show that, for a locally integrable function u, a sufficient condition to be harmonic is that lim r→0 + r −2 (M r u − u) = 0 in the weak sense of distributions (M r being the averaging operator on balls of radius r). We also extend this and other results to the setting of sub-Laplacians on Carnot groups.
Introduction. Let u be a smooth function on R
N and consider the averages M r u(x) = |x−y|<r − u(y) dy. Then, at any point x ∈ R N , the following formula holds
being α N > 0 a dimensional constant and the classical Laplace operator. This formula also suggests a definition of generalized Laplacian at x for less regular functions u, whenever the above limit exists. The result stated above is classical (see Pizzetti [14] ) and related matters have been studied in several papers starting from the early 1900s up to the present days, see e.g. [14, 1, 15, 19, 18, 20, 8, 16, 13, 12, 11] .
In the recent paper [11] , M. Hasson shows that, for a function u in the Sobolev space W 2,1 , a sufficient condition to be harmonic is that the limit in the right hand side of (1) is equal to zero for almost every x. In [11] , Hasson also makes the conjecture that the same result holds for a function u ∈ H s with s > 3 2 , if the limit is assumed to be uniform in x whenever x is a Lebesgue point of u.
In this note we prove that the above conjecture is true. We also show that the assumptions of Hasson can be considerably weakened. Indeed we prove that a locally integrable function u is harmonic if the limit in (1) is equal to zero in the weak sense of distributions (see Corollary 6). Our proof is very easy and direct, as it only relies on the classical mean value formulas. Moreover such proof can be adapted to the more general setting of sub-Laplacians on Carnot groups allowing to obtain an analogous result for such operators (see Theorem 5) . Investigation supported by University of Bologna. Funds for selected research topics.
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We also provide a simple proof of the W 2,1 -result of Hasson, which can be easily extended to the setting of Carnot groups as well (see Theorem 8) . Finally, in connection with the present work, we would like to quote the recent paper [2] where a Pizzetti-type formula and some related results are obtained in the setting of the Heisenberg groups.
Results and proofs.
We start by giving the definition of a Carnot group. Let • be an assigned Lie group law on R N . Suppose R N is endowed with a homogeneous structure by a given family of Lie group automorphisms {δ λ } λ>0 (called dilations) of the form
Here 
will be called a sub-Laplacian on G. We shall also use the notation
for the L-subelliptic gradient. The simplest example of Carnot group is G = (R N , +) (in this case the classical Laplace operator L = is a sub-Laplacian on G). The most simple non-abelian example is the Heisenberg group H n (with the Kohn-Laplace operator). In literature (see e.g. [7, 17, 10] ) a Carnot group (or stratified group) G is usually defined as a connected and simply connected Lie group whose Lie algebra g admits a stratification
The two definitions are indeed equivalent, up to isomorphisms (see e.g. [5] ).
We next give a list of known results about Carnot groups. Since X 1 , . . . , X m generate the whole g, which has rank N at any point, any sub-Laplacian L satisfies Hörmander's hypoellipticity condition. Moreover, the vector fields X 1 , . . . , X m are homogeneous of degree 1 w.r.t. δ λ and X * j (the adjoint operator of
is the fundamental solution for L (see [7, 9] , see also [4] ). We recall that a homogeneous norm on G is a continuous function d : R N → [0, ∞[, smooth away from the origin, such arch. math. In what follows, G will be a fixed Carnot group and L a fixed sub-Laplacian on G. The following mean value formulas have been proved in [6] (see also [21, 3] 
where we have set
(H r has the same behavior of at the origin and it is continuous away from the origin, see the proof of Lemma 1 below). The mean value operator M r is an approximation of the identity in the sense that 
In particular N r (1)(x) = 1 for every x ∈ R N and r > 0.
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.
. In order to prove (3), it is now sufficient to use the δ λ -homogeneity of d. Finally, the last statement of the lemma immediately follows from the invariance of the Lebesgue measure w.r.t. the left translations of G. Indeed we have
We shall use the notation
Lemma 2. For every
is an immediate consequence of the mean value formula (2) . Moreover, by Lemma 1,
We now only need to observe that Lϕ is uniformly continuous and to recall that
Let us introduce the adjoint operators M * r , L * r , defined by
Then, for every u ∈ L loc ( ), ϕ ∈ C ∞ 0 ( ) and for every sufficiently small r > 0,
This is the case e.g. for L = , the classical Laplace operator, and for L = H n , the Kohn Laplacian on the Heisenberg group H n .
Lemma 4.
Given ϕ ∈ C ∞ 0 (R N ), the following assertions hold.
P r o o f. Recalling that the Jacobian determinant |det(J (y →y −1 •x) (y))| = 1 for every x, y, (see e.g. [5, Theorem 5.13 ] for a complete proof of this assertion), the proof of (i) is straightforward:
Moreover, from (i) and from Lemma 2 it follows that
Recalling that H r = 1, that ϕ has compact support and that L y ((x, y) → ϕ(x • y −1 )) is smooth, we obtain (ii). We now prove (iii). Using Lemma 2, (4) and (ii) and recalling that L is self-adjoint, we have
for every test function ψ ∈ C ∞ 0 (R N ). Thus ϕ = Lϕ and (iii) follows from (ii).
Theorem 5. Let be an open subset of R
N and let u ∈ L loc ( ). Suppose that ϕ L r u → 0, as r → 0 + , (5) for every test function ϕ ∈ C ∞ 0 ( ). Then u is L-harmonic in (more precisely there exists v ∈ C ∞ ( ) such that Lv = 0 in , u = v a.e.
in ).
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for every test function ϕ ∈ C ∞ 0 ( ). Hence Lu = 0 in in the sense of distributions. The thesis then follows from the hypoellipticity of L.
Let us restate more explicitly Theorem 5 when L = is the classical Laplace operator.
Corollary 6. Let be an open subset of
R e m a r k 7. The above corollary proves in particular [11, Conjecture 4.1]. The hypothesis in [11] is given in terms of surface averages. More precisely in the quoted conjecture it is supposed that there exists a function w :
→ R such that the following condition holds:
uniformly in x, whenever x is a Lebesgue point of u. Integrating in r, it is easy to see that this condition implies an analogous condition involving solid averages, which in turns also implies that w must be equal to u a.e. Therefore the hypothesis in [11] is stronger than our hypothesis in Corollary 6.
Statement (8) (d(x)) ). Set ε = ε −Q • δ ε −1 and define
Then it is a standard argument to recognize that u ε is smooth and 
This completes the proof.
It is easy to see that for every K ⊂⊂ we also have M r u ε → M r u as ε → 0 + , uniformly on K, for sufficiently small r > 0. Moreover, if f ∈ L loc ( ) and K ⊂⊂ , then (for sufficiently small r > 0) N r f (x) is well-posed for a.e. x ∈ K and we have
for a suitable K r ⊂⊂ . As a consequence We can thus obtain (6), letting ε go to zero.
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In order to prove (7), we now use the properties of Lemma 1. Let K ⊂⊂ and let r > 0 be sufficiently small. From ( and (7) easily follows being Lu locally integrable. Finally (8) is an immediate consequence of (7) and of the hypoellipticity of L.
A c k n o w l e d g e m e n t . We wish to thank Prof. E. Lanconelli for pointing out to us the paper [11] .
